We present the full charge and energy diffusion constants for the Einstein-Maxwell dilaton (EMD) action for Lifshitz spacetime characterized by a dynamical critical exponent z. Therein we compute the fully renormalized static thermodynamic potential explicitly, which confirms the forms of all thermodynamic quantities including the Bekenstein-Hawking entropy and Smarr-like relationship. Our exact computation demonstrates a modification to the Lifshitz Ward identity for the EMD theory. For transport, we target our analysis at finite chemical potential and include axion fields to generate momentum dissipation. While our exact results corroborate anticipated bounds, we are able to demonstrate that the diffusivities are governed by the engineering dimension of the diffusion coefficient, [D] = 2 − z. Consequently, a β-function defined as the derivative of the trace of the diffusion matrix with respect to the effective lattice spacing changes sign precisely at z = 2. At z = 2, the diffusion equation exhibits perfect scale invariance and the corresponding diffusion constant is the pure number 1/d s for both the charge and energy sectors, where d s is the number of spatial dimensions. Further, we find that as z → ∞, the charge diffusion constant vanishes, indicating charge localization. Deviation from universal decoupled transport obtains when either the chemical potential or momentum dissipation are large relative to temperature, an echo of strong thermoelectric interactions.
Introduction
Because most condensed matter systems do not conform to the full Lorentz symmetry and contain dynamical behavior characterized by Lifshitz transitions [1] [2] [3] [4] , tailoring the AdS/CFT program to condensed matter systems such as the cuprates requires a considerable extension. The simplest proffer to engineer such a non-relativistic setup is a Lifshitz geometry characterized by a dynamical critical exponent z [5] [6] [7] [8] [9] . A metric ansatz that encodes the features of both the dynamical exponent and a finite temperature is the form
− r 2z f (r)dt 2 + r 2 d x 2 ds , (1.1) which defines a horizon by the largest root of f (r + ) = 0 and boundary at r → ∞ where f → 1. This ansatz encapsulates the scaling symmetry r → c −1 r, t → c z t, x i → cx i . (1.2) at the boundary. For z = 1, this metric ansatz cannot be a vacuum solution to the Einstein equations. Indeed, such a Lifshitz geometry requires a nontrivial bulk stress-energy tensor. Herein lies the problem: there is no unique way of engineering the requisite stress-energy tensor.
A full analytic solution to an asymptotically Lifshitz geometry that features a black hole can be constructed via an Einstein-Maxwell-dilaton (EMD) action. This model is a direct extension of the AdS-Reissner-Nordström black hole to z = 1. This action is well-known in the literature as it has served as the workhorse for most of the Lifshitz papers [10] [11] [12] [13] [14] [15] [16] .
In this work, we address a fully-renormalized solution to the EMD action that features both a chemical potential and a set of spatially-dependent axion fields that induce momentum dissipation for general z and dimensionality. The action is addressed completely at the level of the static background and DC transport. This range of analysis allows us to compute the set of both static susceptibilities and conductivities under a uniform "Lifshitz charge", which by the Einstein relations obtain the full set of thermoelectric diffusion constants. We are able to compare and contrast our results with universal features of diffusivity by Blake et al. [17, 18] . They consider the limits of decoupled charge and thermal diffusion, and we find exact agreement in this limit. However, we find deviations from such behavior when matter interactions are cranked such that the thermoelectric coupling is significant.
A significant result we obtain once all the dust settles is that the length dependence of the transport properties, although they are governed by several independent scales ranging from the chemical potential to the strength of momentum dissipation, are ultimately controlled by the engineering dimension [D] of the diffusion constants; by inspection of the diffusion equation, [D] = 2 − z. Consequently, the effective β-function [19] ,
should exhibit universal features as a function of the characteristic length scale . In Eq. (1.3), we measure the diffusion matrix D against the characteristic scale v 2 B /T , defined in terms of the butterfly velocity and the temperature [17] . We find that sgn(β) = sgn(2 − z), indicating a fixed point at z = 2. At the scale-invariant point z = 2, diffusion is given exactly by the dimensionless number
Our diffusion constants are strictly positive unlike the previous results with restricted range of validity for z [20, 21] . We find z = 2 corresponds to the fixed point associated with the length dependence of the diffusivities, in direct analogy with the β-function in Anderson localization [19] . Our conclusion here is made possible entirely because we have a regularizable boundary theory.
We find in general that diffusivity bounds [22, 23] do indeed exist for Lifshitz holography, with two possible violations. The first for z = 1, as is standard, has a divergent energy 0 z > 2 z < 2 z = 2F igure 1: Heuristic plot of the β−function defined as the derivative of the trace of the diffusion matrix with respect to the system size. At z = 2, the diffusion coefficient is a universal dimensionless constant determined solely by the number of spatial dimensions. Away from z = 2, the diffusion constants (either charge or energy) have opposite slopes relative to an increase in the system size indicating a fixed point at z = 2. Regardless of z, β asymptotes to zero as the system size increases, indicating the bounded nature of the diffusivities. At z = 2, the diffusion equation is scale-invariant. diffusion constant in the absence of momentum dissipation, caused by the inability of any sourced momentum to relax. The second occurs at z → ∞, whereupon charge becomes completely localized and does not diffuse, manifest in the vanishing of the upper bound in the respective diffusion constant.
As a final important note, our exact treatment finds that the Ward identity associated with the Lifshitz symmetry in the EMD model. We find that the boundary stress-energy tensor T a b and dilaton response λ φ O φ obey
which aligns with the encoding of the Lifshitz symmetry via dilatation. This is a slight contrast to the usual identity which omits any contribution from the dilaton. In spite of this, these results are not contradictory in the context of [14, 15] for instance, due to an alternative construction of the boundary theory and the dual stress-energy tensor. In fact, due to the nebulous nature of the interpretation of the boundary geometry, there is some leeway in the formulation.
An Abridged History of Lifshitz Holography
The short history of Lifshitz holography is one of many fits and starts. The initial advance [5] in this context supplemented the standard bulk Lagrangian with two gauge fields, a 1form and a 2-form both, coupled together via a topological term that controls the dynamical exponent z. Though a clean analytic construction, it is restricted to d s = 2 spatial dimensions and is not amenable to emblackening factors which would encode a horizon. Several other models have been proposed and analyzed [24] , such as the Einstein-Proca model [25, 26] . However the EMD model imbibes the most robust features for thermodynamics. One of the long-standing issues with this theory is the absence of a renormalization scheme for the boundary action, unlike AdS [27] . Without such a scheme, there is no real interpretation to the response functions and thermodynamics of the system. While some models could be worked out under specific conditions -the z = 2 Schrödinger symmetry [28] a case in point -or certain response functions obtained such as the specific heat [29] , the general theory remained elusive [30] . One of the culprits is the U (1) field responsible for turning on z = 1 is poorly behaved at the boundary. There have been several proposals for dealing with this divergence. The original proposition for handling this divergence was to perform a Legendre transformation [13] to instead consider the stable dual U (1) current as the fundamental variational instead of the electric field.
The Legendre transformation alone leaves the scheme incomplete. An alternative was proposed. Kiritsis and Matsuo's hydrodynamic ansatz, wherein the constant parameters controlling the static solution are promoted to slowly-varying functions of time and space, permits an analytic solution to the induced fluctuation equations. As its title suggests, this formulation allows all thermodynamic quantities to be expressed as components of a nonrelativistic fluid. The controlled expansion allows them to make contact with a renormalization scheme without performing a Legendre transformation. Their solution involves an infinite series of counter-terms involving the divergent U (1) field and supports slowly varying transport properties.
The next stride was made by Cremonini et al. who examined the transverse modes of the EMD theory [31, 32] . Previous attempts on this model ignored the crucial coupling between the two U (1) fields [33, 34] , which must be present for a nontrivial solution. Cremonini et al. sought heat and charge transport response functions of the system at low frequencies. Therein, their program enabled a renormalization of specifically the transverse modes: they (1) perform the Legendre transformation for the divergent U (1) field, (2) build a second ADM breakdown to separate time and space in the boundary with a timelike shift, and (3) renormalize the theory in terms of the corresponding U (1) current and timelike shift. A feature of this scheme is that the counter-terms actually depend on both the non-normalizable and normalizable modes of the model. A renormalization scheme depending upon the theory's renormalizable modes is usually problematic, but in fact the counter-terms can be statedependent for systems perturbed by irrelevant operators [35] .
Action and Static Background
We suppose the Einstein-Maxwell-dilaton (EMD) action
where I c.t. is a smattering of counter-terms to give us well-defined boundary action. Here, M is a d s + 2-dimensional Lorentzian manifold and ∂M is its boundary. This action features two U (1) fields, one which will serve to assist turning on a nontrivial z = 1 solution and one which generates a standard chemical potential µ, a straight extension of the usual AdS-Reissner-Nordström black hole. The axion fields will generate momentum dissipation. This action yields the equations of motion
This system has a static solution, with matter fields given by
and the emblackening factor
4)
where M is the mass of the black hole,
Note that this solution demands z ≥ 1 and forbids k = 0 for z = d s . The temperature is
derived by eliminating the conical singularity at the horizon.
Renormalization
In order to have a well-defined boundary action, and therefore dictionary, we must have a renormalization scheme to ensure all divergences are removed. If our action's variation can be expressed as
where we have symplectic data and the products of all the variations δφ n and their radial conjugate momenta Π (φ) n are O(1) as r → ∞, then we have ascertained a renormalized boundary action. This scheme can be implemented not requiring a full, generalized solution but rather utilizing details of specific solutions only as necessary. The scheme for the lowfrequency transverse transport properties was first laid out in [32] . If the reader seeks a more generalized approach beyond the scope of specific solutions, it is wise to turn to the radial Hamilton-Jacobi equations to define a boundary potential via a functional derivative expansion, as in [36, 37] . For our purposes, we need only examine the possible forms of nontrivial counter-terms to ascertain the renormalized action within the scope of our solution.
The variation of the action (3.1) yields
where N a is a unit vector normal to the boundary hypersurface foliating the bulk spacetime along the radial direction, and K ab ≡ ∇ (a N b) . We have neglected the conjugate momenta for the axions as they vanish at the level of the static background and will not contribute to the DC currents. We absolutely do not have renormalized symplectic data, with the most glaring issue being that A 1 is divergent. However, its conjugate momentum is O(1); hence we can switch to a stable scheme via a Legendre transformation. We select the counter-terms
where we can see the first term switches our potential to vary under J 1 instead of A 1 , changing the boundary condition from Dirichlet to Neumann, as proposed in [13] . We will thusly refer to this action as I N . While A 2 and J 2 already combine to yield an O(1) boundary contribution, we must yet ensure the other responses are renormalized. Equipped with these counter-terms, we define the new responses as
is sufficient. Note that implicit in the ellipses are remaining counter-terms, but the outlined contributions are the only terms that contribute to the finite action. All other terms will simply cancel divergences without contributing to the free energy and are worked out accordingly in Appendix A.
If we substitute in our static solution, we will find as r → ∞,
We can now define a chemical potential associated with J 1 : µ 1 = lim r→∞ A 1,t . If we would like to switch ensembles back to Dirichlet boundary conditions, we can now use our renormalized A 1 to do so,
Note that the stress-energy tensor is actually traceless, which is a bit surprising for a Lifshitz theory as this is usually indicative of a scale-invariant theory, though it is not a necessary condition. Regardless, the Lifshitz scaling symmetry is manifestly encoded as a dilatation. This is reflected in the new Ward identity,
This modification to the Ward identity for the anisotropic Weyl transformation [38] is perhaps not so strange. Unlike the pure AdS case, there is no simple interpretation of the boundary metric. Under separate constructions such as the Newton-Cartan background, modifications are expected [39] . While this renormalization machinery is sufficient for the static background, when it comes to the currents we will find that z = 1 causes the scaling of the source terms to be divergent. We can remove the source terms from our boundary action with a simple reformulation of our intrinsic metric,
which functions akin to an inverted ADM formalism, which we further discuss in Appendix C.
Free Energy
The free energy can be computed from the on-shell action. The Ricci scalar
can be plugged in to yield the on-shell bulk action
which we can expressly integrate. Combining with our boundary terms, we find that the full on-shell boundary action is
where vol ds is a d s -dimensional spatial volume and W N is the "Neumann" free energy. We are working in an ensemble with W N (T, φ 1 , µ 2 , k), indicating our independent variables, with r + (T, φ 1 , µ 2 , k) are an implicit function that solves Eq. (3.6). A priori, we notice that the charge density J t 1 = 2(z − 1)(z + d s )e −dφ 1 is a function of only φ 1 , meaning that the parameter φ 1 directly and single-handedly sources both the responses µ 1 and O φ .
Let us compute (and verify) our thermodynamic quantities. First, the entropy,
where vol ds r ds + is exactly the surface area of the black hole. This is the celebrated Bekenstein-Hawking relation (where we have chosen G N = 1 16π ). Second, the charge associated with the chemical potential µ 2 is
which lines up exactly with our expectations. From here, it is possible to compute the system's internal energy,
which again is self-consistent: the energy contained is proportional to the black hole's mass, and given by the tt-component of the stress-energy tensor.
Next, let us consider what happens under the variation of φ 1 . This, of course, is an effect that exists only for z = 1 and couples the variation of the Lifshitz U (1) field and the dilaton. We find
where Q 1 = vol ds 2(z − 1)(z + d s )e −dsφ 1 = vol ds J t 1 .
(5.8)
As expected, the explicit response of both components is manifest and they are not independent of each other in the context of the static solution. Finally, we compute the pressure p. Our system's trivial volume dependence means the pressure is just the negated thermodynamical potential density in the grand canonical ensemble -namely the density of the "Dirichlet" free energy W D = W N − µ 1 Q 1 -and is given by
Here we have introduced an operator dual to the impurity k,
which functions analogously to a magnetization in response to an applied magnetic field [40] . The 1/d s factor is chosen to normalize the response to one spatial coordinate. As expected, turning on impurities creates the disparity p = −T x 1 x 1 . The simple form of the pressure guarantees the satisfaction of a Smarr-like relation,
where , s, and ρ q are the energy, entropy and charge densities respectively.
DC Conductivities
When we consider fluctuations of the bulk spacetime and fields at the level of slowly-varying gradients, the equations of motion decouple into three separate modes. A so-called sound mode from which susceptibilities can be derived, a tensor mode which expresses vorticity of the fluid, and a vector mode which contains the system's heat and charge currents [14, 15] .
To acquire the DC conductivities, we can supply linear time sources for the vector mode and extract the current responses. We take the ansatz,
where the perturbations -without loss of generality due to rotational symmetry -are sourced along the x 1 -direction. The equations of motion come in two batches,
which are E tx 1 and M x 1 q , and
which are E rx 1 and Ξ 1 , respectively. We can see Ξ 1 = 0 follows from E tx 1 = 0. Thus, E rx 1 completely decouples from the other equations and acts as a first-order constraint.
The electric currents j (ρq) = J x 1 q are conserved in the bulk, but we can construct another conserved current by considering a Killing vector as shown in Appendix B. The result is
A q,t j (ρq) , (6.4) and the conserved bulk quantity j (q) is the boundary heat current. We demand these functions are regular at the horizon in in-going Eddington-Finkelstein coordinates, given by the transformation 5) and thus near the horizon we obtain t = t + − 1 4πT ln(r − r + ). Regularity yields the asymptotic relations
where we express our quantities in terms of the entropy and charge densities and defined φ + = φ(r + ). Plugging into our currents, which are conserved in the bulk, we find
The heat current is related to the energy current via
which of course is a measure of energy flow in excess of the energy due to charge transfer. Thus, the energy current is given by
(6.9)
Energy and Charge Diffusion
Let us consider the diffusion of energy and charge in our system. From hereon we can simply work with densities. The energy and charges follow continuity equations,
In the Neumann ensemble, gradients of T , φ 1 and µ 2 source gradients of energy and charge density. We will examine the diffusion of the system's energy and electric charge under the constraint where the "Lifshitz charge" is completely fixed and uniform; that is, j (ρ 1 ) = 0 and ∇ρ 1 = 0. Under this constraint,
the susceptibilities are computable as second-order derivatives of the free energy density w N . The associated heat and charge currents,
are given by, utilizing Eq. (6.7) and the constraint j (ρ 1 ) = 0,
5c)
where Σ 1 measures the response due to application of ∇µ 1 on the non-Lifshitz matter. The application of this gradient is what allows the conductivities to be finite even in the absence of momentum dissipation, i.e. k → 0. This is an expected feature in a system with two species of U (1) fields, first observed by Sonner [41] and later by Cremonini and Pope [31] . This conductivity feature is an instance of some of the more robust behavior a U (1) × U (1) model can afford. The continuity equation (7.1) in concert with the conductivities (7.4) and susceptibilities (7.2) yields a diffusion equation for energy and charge:
where the diffusion matrix D is determined from the conductivity matrix σ and susceptibility matrix χ via the celebrated Einstein relation,
The diffusion eigenvalues follow
where we define
as the specific heat for fixed electric charge -which follows from Maxwell relations -and to be the open-circuit thermal conductivity, where no electric charge can flow. We note that κ is explicitly dependent on both the metric and A 1 , in contrast to traditional holographic systems where κ is explicitly dependent only upon the form of the metric [18] . This is a direct consequence of our fixed Lifshitz charge scenario. We will measure the diffusion eigenvalues relative to the butterfly velocity,
which will make D ± T /v 2 B pure numbers. This velocity is proposed to be the characteristic velocity for Lifshitz geometries and is independent of all matter content [17] . Rescaling Eq. (3.6) yields and all pure numbers in our system will be functions of the two parametersμ 2 andk. Written in scaling form, the determinant and trace of the diffusion matrix are given, respectively, by
We will always order the eigenvalues such that D + ≥ D − . We display a couple of solutions explicitly in Figs. 2 and 3 . Notably, we find the diffusion eigenvalues are bounded. The bounds can be obtained analytically through various limits ofμ 2 andk and are given by The sign change of β signals a fixed point exists at z = 2 analogous to the scale-invariance that obtains for the conductance in the case of d s = 2 in Anderson localization [19] . Necessarily, the diffusion scale v 2 B /T is also a pure number at this point, as seen in Eq. (7.11) where the horizon dependence vanishes. The marginality of z = 2 has been noted in other contexts such as a Lifshitz string [42] and the stability of scalar hair [43] . Note that we have allowed non-integer values of d s in our solutions which can effectively be obtained through the use of a hyperscaling violating parameter.
To put our results for the transport in the context of expected results, we first observe the universal features. In the decoupling limit where the chemical potential is turned off, we find the charge and energy diffusion constants follow
, lim
, (7.17) which exactly match the purported decoupled forms in [17, 18] . For z ≥ 2 and z ≥ d s , which heads toward the decoupling limit of large z, we find these forms match max(D − T /v 2 B ) and min(D + T /v 2 B ) exactly. The limits in which deviations occur are laid bare in Fig. 3 . For D − , deviation from this behavior is found whenμ 2 1, the limit in which we expect thermoelectric interactions to be quite strong and so inhibit charge flow. For D + , deviation is found under either the conditionsk 1 orμ 2 1, emphasizing that energy diffusivity is heavily subject to all matter interactions.
A limit of interest is z → ∞. In particular, the bounds indicate clearly that D − T /v 2 B → 0, signaling that charge does not diffuse in this limit, only energy. Conventionally, z → ∞ corresponds to localized critical physics; the divergence of the critical length guarantees no dynamic critical behavior can obtain on any appreciable time scale. For our system, we can interpret this to mean charge must follow this type of quantum critical behavior but energy does not. We also notice the saturation of the D + diffusion constant for z ≥ 2, whereupon 1/4π ≤ D + T /v 2 B ≤ 1/2π. The upper bound is the typical saturation observed in the SYK model [44] . Intuitively, this characterizes the fact that energy diffusivity must be bounded from below and above, so long as momentum dissipation is present, regardless of the value of z.
Conclusions
From this detailed treatment of Lifshitz holography, we have been able to derive a series of thermodynamic and dynamical response functions. Of particular note is the explicit derivation of both the Bekenstein-Hawking and Smarr-like relationships, made possible by the exact computation of the renormalized thermodynamic potential. Our calculations reveal the universal features of the diffusion constants near z = 2 even in the complicated setting in which charge and thermal degrees of freedom are treated on equal footing. This universality obtains because of the emergence of a fixed point characterizing the length dependence of the diffusivities at z = 2. The vanishing of the charge diffusion constant in the local critical limit of z → ∞ represents the ultimate deviation from the expected bounds. Since our treatment fully incorporates thermodynamics and electrical responses, it should serve as a template for extracting the coterie of transport coefficients relevant to quantum critical matter.
The first of these, rewritten, states that
and thus we can assume that i ξ F q is an exact form
for some functions θ q . This also implies that we can express
for some functions ψ q . These identities will allow us to construct a total derivative by examining
This expression can be rearranged as
To deduce this expression, we use the identities
where the latter of these can be realized from rearranging the Lie derivative L ξ F q,ab = ξ c ∇ c F q,ab + F q,bc ∇ a ξ c + F q,ac ∇ b ξ c = 0. Now, as long as any components of ξ vanish we can deduce a conserved quantity. By choosing ξ = ∇ t , it is clear that the x i components then generate conserved quantities, which are dual to the boundary heat currents.
C Renormalization for Currents
With the counter-terms provided in Eq. (4.4), we find that
and as such we would like to construct our boundary theory such that this is the response to our metric variation. Presently, we would find that the boundary variation leaves a source term [45] in the action. This is not a problem for z = 1, but otherwise this term is divergent. To mollify this divergence, we can recast the intrinsic metric γ ab as γ ab dx a dx b = −n 2 dt − n i n 2 dx i 2 + σ ij dx i dx j , (C.2) akin to the ADM formalism but where our boundary spacetime is instead foliated by the normalized time-like covector 1 n ∇ t . Then we can consider the fundamental variational objects of our theory to be n, n i and σ ij instead of the boundary metric. Our variation becomes δI = ∂M −T tt n 2 + T ij n i n j n 2 δn n − T i t δn i n 2 + 1 2 T ij δσ ij + · · · , (C. 3) and now the source term present in the δn i term decays. Additionally, thanks to our formulation of n i as a small parameter, the response to the normalized variation of the lapse δn/n is exactly T t t . Thus nothing about our static background scheme is modified.
D Linear Time Sources
Linear time sources provide a straightforward scheme for deducing DC response functions. Additionally, through our gauge symmetries, they have a clear interpretation as temperature and chemical potential gradients. We can transform the metric and U (1) fields as 
